Abstract. In the present paper, we shall establish that IntS(0 ) = T (0 ) for any Fuchsian group uniformizing a compact Riemann surface with nonempty boundary, i.e., for any nitely generated, purely hyperbolic Fuchsian group of the second kind, where S(0 ) denotes the Schwarzian derivative of all the 0 -equivariant schlicht holomorphic functions and T (0 ) 
x1. Introduction
Let 0 be an arbitrary Fuchsian group acting on the upper half plane H = fz 2 C; Imz > 0g: We donote by S(0 ) the set consisting of the Schwarzian derivative S f of all the univalent meromorphic functions f on H with f = () f on H for some group homomorphism : 0 ! M ob: Then it turns out that S(0 ) is a bounded closed subset of the complex Banach space B 2 (H; 0 ) (see x2 for its precise denition). It is an intersting topic to investigate how (the Bers model of) the Teichm uller space T (0) is embedded in S(0 ): Generally, T (0) $ S(0 ) holds. In fact, rst Gehring has shown that T (1) $ S (1) in [7] , and later the author proved in [14] that T (0) $ S(0 ) for any Fuchsian group 0 of the second kind. Moreover, recently K. Matsuzaki showed in [9] the existence of certain innitely generated Fuchsian groups 0 of the rst kind such that T (0) $ S(0 ): But, it is a still now dicult problem to decide whether T (0) = S(0 ) for a nitely generated Fuchsian group 0 of the rst kind. (We remark that this problem is equivalent to the Thurston conjecture: any b-group is a boundary group of the Teichm uller spaces.)
On the other hand, Gehring has shown in [6] that IntS(1) = T (1): Furthermore Zuravlev showed in [17] that T (0) is the zero component of IntS(0) for an arbitrary Fuchsian group 0: Thus, it is naturally conjectured that IntS(0) = T (0) for any 0: In this direction, Shiga proved in [13] that the above conjecture holds if 0 is nitely generated Fuchsian group of the rst kind, equivalently, if B 2 (H; 0 ) is nite dimensional.
The main theorem in this article (Theorem 2.1) is the claim that IntS(0) = T (0) for any Fuchsian group 0 uniformizing a compact (bordered) Riemann surface with nonempty boundary, in other words, for nitely generated, purely hyperbolic Fuchsian group 0 of the second kind. In order to prove this theorem, we shall utilize Gehring's method in [6] with several localization techniques for overcoming diculties caused by the group action. Here we remark that our proof does not depend on Zuravlev's result.
The proof of the main theorem divides into several steps as follows. In x2, we prepare terminologies and notations for later use, and state the main theorem and some lemmas. Let ' 2 IntS(0) and f be a univalent function such that S f = ': To say that ' C n D 6 = ;; for any ' 
IntS(0):
In x4, we also see that D is a John domain, at least \locally" in (G) (Proposition 4.1). Roughly speaking again, there is no peninsula so much constricted in the island D: In fact, if such a peninsula, one can construct a G-equivariant meromorphic map h on D with small Schwarzian which touches the opposite shore of D by lengthening a narrow part of the peninsula, and this also will lieads to a contradiction. In both steps, we shall accomplish the construction of g as follows:
rst, we construct a G-equivariant quasi-analytic (in fact, quasiconformal locally, but not necessarily injective) map h with small deformation which satises the same properties as g except the holomorphy. By appropriate construction of h;
the Beltrami coecient of h 01 can be well-dened, so we can choose w h as g; where w is a -qc map of b C (here, for example, was extended to 0 in h(D) c ).
For estimation of the norm of the Schwarzian derivative of w h; we shall utilize the \local norm technique" as in [16] .
In x5, for a Fuchsian group uniformizing a compact bordered Riemann surface with nonempty boundary, we prove that the boundary of D=G in (G)=G is a disjoint union of quasi-analytic curves by invoking the annular covering argument.
Thus, in particular, the induced conformal map F : H=0 ! D=G by f can be naturally extended to a homeomorphism H=0 ! D=G: Furthermore, in x6, F turns out to be extended to a quasiconformal map Finally, the author would like to express his sincere gratitude to Prof. M. Taniguchi for encouragement and worthy advices.
x2. Preliminaries and the main theorem
In this section, we shall x the terminologies needed below and state related facts and the main theorem. As a general reference, we refer to the textbook [10] by S. Nag.
Pro jective structures on a Riemann surface. Let R be a hyperbolic Riemann surface and p : H ! R be a holomorphic universal covering of R; where H = fz 2 C; Imz > 0g is the upper half plane. A projective chart on the Riemann surface R is a complex chart on R such that the transition functions are (locally) restrictions of M obius transformations. Two projective charts on R are equivalent if their union is also a projective chart. Equivalence classes of projective charts on R are called projective structures on R:
Let be a projective structure on R represented by a chart f : U ! V ; 2 Now we state the main theorem, which is a generalization of Gehring's result in [6] . In case of (iii), we say that R is of conformal type (g; 0; m); and we should note that such 0 is a free group of rank 2g + m 0 1:
In the sequel, we are mainly concerned with the properties of a point in IntS(0) for an arbitrary Fuchsian group 0; or almost equivalently, the shape of the domain D = D ' = f ' (H) for ' which is a contradiction.
2.4. Remark. The proof of the above lemma in [15] relies upon the -lemma. The author has learned the idea in the above proof from H. Shiga. ' which implies what we need here.
Next we refer to the local quasiconformal homogeneity of IntS(0); which plays an important role in x4. The proof of the following proposition is deeply indebted to a group equivariant version of the -lemma. Proof: As the claim (2) , (3) is a special case G = 1 of (1) , (3) ; it suces to prove (1) , (3) : The part (3) ) (1) is a direct consequence of the submersivity of the generalized Bers projection (cf. Bers [3] , Earle-Nag [5] where A is a constant ( 1) depending only on D:
2.9.
Theorem (cf.
Gehring [6] , Pommerenke [12] Before stepping into the proof of the above proposition, we state a few corollaries. As the nal corollary, we state a rather technical lemma which will be used in x5. Let ! = Im = arg (j!j < =4) and 0 be an angle of the ray Q(I) with the positive real line, i.e., Q(I) = fre i0 ; 0 r 1g: In order to construct a tame deformation such that its images of z 1 and z 2 coincide, we rst dene a map Next, we shall consider E 2 : We may assume that ! > 0; for otherwise E 2 = ;: We need to calculate the radius and the center c < 0 of the circle Q 01 fargz = 0 + ! modg (see Fig. 3 . 
By construction, h satises the following.
(a) h is Finally, we shall give an estimate of the hyperbolic-sup norm of S g which will lead to a contradiction.
Before into the nal step, we prepare some lemmas. The proof of the rst is quite elementary (see [16] Proof of Proposition 2.4). And we note that (3.2) A jc 0 w i j (i = 0; 1): from the assumtion and the fact that w i 2 @D: Pick a point from 1 0 \ E; then jc 0 j < ; j 0 w 1 j diamE diamE 1 Thus we need only to prove that 1 0 \E 0 = ; where E 0 = Q ( 01fz 2 C 3 ; 05=4 < argz < 03=4g) = Q 01 (fz 2 C 3 ; 3=4 < argz < 5=4g):
Suppose that 1 0 \ E 0 6 = ;: We may assume that jw 0 0 cj jw 1 0 cj: Let C 1 = fz; jz 0 a 1 j = r 1 g and C 2 = fz; jz 0 a 2 j = r 2 g denote the circles including circular arcs 1 = Q 01 (f; arg 0 0 = 0=4g) and 2 = Q 01 (f; arg 0 0 = 03=4g); respectively (where C 2 is possibly a line). Remark that, by assumption, 1 and 2 perpendicularly intersects at the two points w 0 and w 1 and that j \ @1 0 6 = ; for j = 1; 2:
Let j denote the intersection point of C j and the ray starting from a j and passing through c for j = 1; 2: If j 2 C j n j ; then A jc 0 w 0 j = dist(c; 2 ) < ; this is impossible. Thus we conclude that j 2 j ; and hence we have (3.3) jc 0 j j = dist(c; j ) < for j = 1; 2:
Now let c j be the orthogonal projection of the point c to the line through w 0 and a j (j = 1; 2):
Case 1: W = Q 01 (f; 03=4 < arg 0 0 < 0=4g) is unbounded (see Fig.   3.3) . By (3.2), we have A < p 2; which is a contradiction.
Case 2: W is bounded. We may assume that c is in the inside of C 1 and in the outside of C 2 (see Fig.  3.4) .
Then, as in Case 1, we know that In this section, we shall make another construction of non-univalent meromorphic map, which is, in a sense, a dual of the one in x3. At rst, we prove a rather technical proposition, which holds for general Fuchsian groups of the second kind. In fact, this is evident if the region W bounded by 1 [ 2 is covex. Next, we consider the case that W is not convex. We may assume that m 2 is contained in the inner domain of the circle C 1 (see Fig. 4.1) . On the other hand, j 1 0 2 j j 1 0 cj + j 2 0 cj < 2; so we obtain that In this sectoin, we shall study the relative boundary @R 0 of the subdomain R 0 = D=G = f ' (H)=G in R: Our main aim here is to prove that @R 0 is a disjoint union of quasi-analytic curves under the suitable hypothesis. To this end, we shall introduce a notion of the annular covering. Let be a homotopically nontrivial simple closed curve in a hyperbolic Riemann surface R: Let : H ! R be a holomorphic universal covering of R; and an element of the covering transformation group 0 0 < M ob of which covers ; i.e., the terminal point of a lifting curve e of with respect to equals to (z 0 ) where z 0 is the initial point of e :
As is easily seen, the quotient Riemann surface H=hi is conformally equivalent to an annulus A = fz 2 C; c < jzj < 1g; where 0 c < 1 satises the relation cosh( 2 = log c) = jtrj=2; which is not so signicant below. Let 1 : H ! A be a holomorphic covering with the covering transformation group hi: The induced holomorphic covering map q = q : A ! R such that = q 1 is called an annular covering with respect to : By construction, = 1 (e ) is the unique closed lift of ; in other words, any other lift of than is not closed. Using the tool above, we shall prove the following result. Where, the quasi-analytic curve means the quasiconformal homeomorphic image of the circle. 5 .2. Corollary. In particular, when 0 is a nitely generated, purely hyperbolic Fuchsian group of the second kind, the relative boundary @R 0 of R 0 is a dis-joint union of nitely many quasi-analytic curves, and thus the conformal map Proof of Corollary 5.2: By the hypothesis, R is compact, thus so @R 0 is. Therefore the former part of the above assertion directly follows from Theorem 5.1. In particular, @S 0 and @R 0 consist of mutually disjoint simple closed curves, therefore the latter part can be deduced from the general version of the famous Carath eodory theorem.
In order to prove Theorem 5. Next suppose that j is freely homotopic to k for some k Thus we conclude that each j is freely homotopic in T to at most one other On the other hand, as is well-known, a Riemann surface X of nite topological type (g; 0; m) has at most 3g03+2m mutually disjoint homotopically independent Now we shall show that the stabilizer H of I in 0 is generated by a hyperbolic or parabolic element. (Here we remark that the latter case happens only when 0 is generated by a single parabolic element.) Otherwise, H must be trivial, and so p 0 is injective on a neighborhood V of I: Thus we can select a sequence (I n ) 1 n=1 of simple arcs in V \ H with the same end points as I such that E n E n+1 (n = 1; 2; . . . ) and \ 1 n=1 E n = I; where E n is the region bounded by I n [ I: First, we remark that the cluster set C = \ 1 n=1 F (p 0 (E n )) is contained in @R 0 : Since is a compact isolated component of @R 0 ; we can choose a compact neighborhood W of such that @W \ @R 0 = ;: Here, F (p 0 (I n )) is not relatively compact in R and ; 6 = e 0 ([0; 1)) \ I n p 01 0 (F 01 (W \ R 0 )) for suciently large n; therefore we may pick a point Q n 2 F (p 0 (I n )) \ @W for large n: Because @W is compact, we may assume that Q n converges to a point Q 2 @W: On the other hand, Q 2 C @R 0 ; which contradicts the fact @W \ @R 0 = ;: Thus, we have proved that H = Stab 0 (I) is generated by a hyperbolic or parabolic element 0 : Let (I n ) 1 n=1 be a sequence of circular arcs (or horocycles) in H with the same end points as I such that E n E n+1 (n = 1; 2; . . . ); and \ 1 n=1 E n = ;; where E n is the region bounded by I n [ I: Then R n := R 0 n F (p 0 (E n [ I n )) is a desired exhaustion of R 0 for suciently large n:
Proof of Theorem 5.1: We shall prove in the case that 0 is an innite group. C by the Riemann-Hurwitz formula, thus the proof is much easier.) Moreover, we may assume that R is hyperbolic. In fact, even if not, taking a suciently small closed disk E R such that E \ R 0 = ; (see Corollary 3.2), we have only to replace R by the hyperbolic surface R 0 = R n E:
Therefore we assume that R is hyperbolic and 0 is an innite group in the sequel.
Let R n ; n (n = 1; 2; . . . ) be as in Lemma 5.2 and : A = fc < jzj < 1g ! R be an annular covering with respect to n : (Remark that for freely homotopic curves, we can take the same annular covering.)
Denote by n the unique closed lift of n via and let W n U = fz; jzj < 1g be a Jordan domain bounded by n : Compositing the map z 7 ! c=z to if necessary, we may assume that W n W n+1 for all n 1; here we should note that c > 0 by where we use the fact that V 0 \ W 1 = ; thus (3) is proved. By the condition (3), 0 := 01 0 (w 0 ) 2 V 0 \ 01 () ; which implies (1), and as a by-product we obtain that = (): Moreover, condition (3) yields the injectivity of j : ! ; therefore we have proved that j : ! is a homeomorphism.
We shall continue the proof of Theorem 5.1. Since is a conformal map in a neighborhood of; it is sucient to prove that is a quasi-circle.
Here we mention a lemma which is a direct conclusion of the Koebe distorsion therem: a First, we shall show the following lemma. ) In this section, chiey we shall be concernd with the following result, which is a crucial part of the proof of our main theorem. To prove Thorem 6.1, the following proposition comprises the key step. We now return to the case we have considered, i.e., = (G) To prove Proposition 6.2, we must show the next lemma. 6 .8. Lemma. The exterior R 1 = R n R 0 of R 0 is homeomorphic to R 0 :
Proof: First, we recall that the Schottky group G is a free group of nite rank N: Next, let (g; 0; m) be the topological type of R 0 ; i.e., R 0 is a genus g compact surface (without punctures) with m mutually disjoint closed topological disks removed. As is well-known, the fundamental group 1 (R 0 ; 3) is a free group of rank 2g + m 0 1: Now, Corollary 6.6 yields that 1 In order to advance the proof, we require several lemmas as the following. (6) be the Euler characteristic of a compact surface 6 with boundary, that is (6) = #fverticesg 0 #fedgesg + #ffacesg for an arbitrary triangulation of 6: Further remark that (6 g;m ) = 2 0 2g 0 m; where 6 g;m represents a compact orientable surface of genus g with m boundaries. Because 6 i is obtained by cutting 6 i01 along u i ; we have (6 i ) = (6 i01 ) + 1 for i = 1; . . . ; N: Summarizing these equalities, we obtain that (6 N ) = (6 0 Therefore R 1 0 must be homeomorphic to the unit disk. 
